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Control of Thermal Deformations
of Spherical Mirror Segment
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Control of thermal deformations of a thin hexagonal spherical mirror segment using discrete and distributed
actuators is presented. To determine the effectiveness of the actuators in controlling the thermal deformations of
the mirror segment, a comparative study is conducted using two different models of the mirror–actuator system:
1) the mirror mounted on kinematic supports and controlled by piezoelectric strips bonded to the rear surface of
the mirror and 2) the mirror mounted on force actuators, which are used to support the mirror as well as to control
the surface deformations of the mirror. The performance of evenly distributed strips and that of strips placed at
near-optimal locations obtained using heuristic integer programming are also compared. Both the force actuators
and the piezoelectric strips are found to be equally effective in controlling the surface deformations of the mirror.
A major drawback of the force actuators is the increase in the overall weight of the system, which is undesirable
for space applications. On the other hand, the piezoelectric strips are very lightweight, and hence a large number
of such strips can be used to control the surface distortions of the mirror, without imposing a weight penalty. The
piezoelectric strips appear to be promising candidates for static shape control of � exible structures in space.

Nomenclature
b = side of graphite/epoxy plate, m
d33 = piezoelectric strain constant, m/V
E = root mean square error of the mirror surface distortions
f j = control inputs (force applied to the force actuators or the

voltage applied to the piezoelectric strips)
h = thickness of graphite/epoxy plate, m
m = number of nodes of the � nite element model
n = number of force actuators or piezoelectric strips
u = correction to the transverse displacement
W = midde� ection of graphite/epoxy plate, m
a i j = in� uence coef� cients
w = deformed shape (transverse displacement) of the mirror

Introduction

O NE of the most stringent requirements in the design of astro-
nomical telescopes is the maintenance of the primary mirror

surface to a very high degree of accuracy. The shape of the primary
mirror has to be continuously monitored, and any deviation from
the desired shape caused by external disturbancesneeds to be con-
trolled by applying corrective measures. Active control techniques
are being widely adopted to correct the surface inaccuraciesof opti-
cal surfaces. This involves correctionof the surface deformationby
applyingcontrol inputsusingdiscreteor distributedactuation.In the
case of discreteactuation,concentratedforcesare appliedat discrete
locations on the deformed mirror using actuators that are located at
the rear surface of the mirror. In the case of distributed actuation,
strips of piezoelectric material are used as actuators. These strips
are either bonded to the rear surface of the mirror or embedded in
a composite mirror faceplate. Piezoelectric materials undergo me-
chanicaldeformationwhen an electric � eld is applied.The resulting
induced distributed strain is used to control the surface deformation
of the structure.
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The active optics conceptwas � rst appliedby Robertsonet al.1 to
a 0.508-m-diam,three-segmentedmirror. The mirror segmentswere
aligned using three actuators per segment, which exerted control in
piston and tilt only. Because the mirror segments were moved as
rigid bodies, the elastic deformationscould not be controlledusing
such control techniques. The concept of a thin deformable mirror
was introduced by Robertson,2 who investigated analytically and
experimentallythe feasibilityof controllingthe shape of a 0.762-m-
diam, 0.0127-m-thick spherical mirror using actuators that worked
on the rear surface of the mirror. Robertson used 58 equally spaced
actuators to correct the surface error introduced during fabrication
and mounting of the mirror on the reaction support system. A � nite
element model was utilized by Robertson to determine the actuator
force con� gurations that would provide local displacements of the
mirror at the actuator control points. The initial rms � gure error,
which was greater than 0.5 wavelength (6328 ÊA), was corrected to
within 0.02 wavelength.

Creedon and Lindgren3 employed the modal expansion tech-
nique to represent the surface distortion of a � exible structure in
terms of its natural vibration modes and countered the distortion
by exerting control over a � nite number of most-signi� cant modes.
The actuators were located at the nodes of the next highest mode.
They demonstrated this concept using a � at rectangular and cir-
cular plates for which mode shapes are available in closed forms.
Howell and Creedon4 extended the modal expansion method to a
0.7620-m-diam, 0.0127-m-thick spherical mirror used in the study
byRobertson.2 They used the � rst 58 modes for themodalexpansion
and 58 equally spaced actuatorsas in Ref. 1. The mode shapes were
obtained using the � nite element model as in Ref. 2. The actuator
locationsresulting in minimum surface error were selected from the
common nodes of a predetermined number of uncontrolledmodes.
Ostroff5 presentedan improved method for selectionof actuator lo-
cationsbasedon minimizationof the part of the potentialenergy that
is associatedwith the uncontrolledmodes. Ostroff5 used the � rst 48
modes for the modal expansion of the surface distortion. The same
� nite element model that was used in Refs. 2–4 was employed, but
all of the available nodal points were considered for positioning the
actuators.

Scott6 proposed a new method in which the correction of the
surface distortion of the mirror is achieved by the application of
moments at selected locations. An advantage of this method is that
equal and opposite moments could be applied, eliminating the need
for a rigid backup structure. Scott6 used a � nite element model of a
0.254-m � at disk to demonstrate the control of shapes in the form
of the � rst 10 terms of the Zernike series, employinga maximum of
24 moment actuators.
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Bushnell7 studied the effectivenessof concentratedloads in con-
trolling the surface distortionsof 4-m-diam, 0.01-m-thick spherical
capsandcircularplatesusinga � nitedifferencemodel.Two different
distortions,one due to a nonuniform thermal � eld given in terms of
a few terms of the Zernike series and the other consistingof Zernike
polynomials themselves, were considered in his study. As many as
100 actuators were used to bring down the initial rms surface error
by two orders of magnitude. Bushnell7 found that mirrors with a
very large diameter-to-thickness ratio and radius of curvature-to-
thickness ratio are dif� cult to control.

Hansen et al.8 presented an integrated active mirror system with
41actuatorsin whicha 4-m-diam,0.02-m-thicksphericalmirrorwas
controlled in normal position, tangential slope, and radial slope. In
their analyticalstudy employinga � nite elementmodel, the actuator
systemwas evaluatedto controldeformationsdue to a thermalgradi-
ent throughthe thickness,uniform thermalsoak of the entiresystem,
gravity loads, and optical aberrations such as defocus and astigma-
tism.Hansenet al.8 also found that thickmirrors are easier to control
than thin mirrors. They also came to interestingconclusionsthat de-
formationsdue to bendingloads such as gravityor axial thermalgra-
dient and deformationsinto shape of nondevelopablesurface (defo-
cus) are dif� cult to control,whereas deformationsdue to membrane
loads such as a uniform rise in temperature and deformations into
shapes of a developable surface (astigmatism) are easy to control.

Masaki et al.9 performedshape control experimentsusing a 0.62-
m-diam, 0.021-m-thickspherical mirror. They expressed the mirror
deformations in the form of fundamental Zernike modes (astigma-
tism, coma, and spherical aberration) in terms of the � rst 24 normal
modes of the mirror and controlledonly 7 or 12 of the 24 observed
modes using 9 force control actuators. The initial rms � gure er-
rors of the order of few hundred nanometers could be reduced to
about 18 nm when 7 modes were controlled.When 12 modes were
controlled, the residual rms error was about 72 nm.

In the majority of the aforementioned works, the surface defor-
mations were controlledby applying forces at discrete locations on
the rear surface of the mirror. A major drawback of using such dis-
crete devices is the requirement of a rigid and, consequently,heavy
support structure, which is undesirable for space applications. An
alternative to this approach is to use piezoelectric actuators, which
can be very lightweight and do not require a heavy backup struc-
ture. Kuo and Bruno10 investigated the problem of determining the
optimal locations of piezoelectric actuators to control surface dis-
tortions of a 1-m hexagonal � at panel using a modi� ed simulated
annealingtechnique.They used two typesof distortions,one a linear
combination of the � rst three normal modes and the other a linear
combination of the � rst � ve normal modes, both having a maxi-
mum deformation of 5 l m in each mode. The optimization was
performed several times using different starting con� gurations to
determine the optimal con� guration. They found that strips placed
in the radial directions appeared in almost every run. Hence, a con-
� gurationwith actuatorsplaced along six radial lines resulting in 24
actuators was used to control both types of distortions. Using such
a con� guration, the rms error in the � rst case was reduced to 0.0305
l m and in the second case to 0.3529 l m. As can be seen from the
results obtained by Kuo and Bruno,10 the con� guration of radially
locatedpiezoelectricactuators does not seem to be very effective in
controlling complex surface distortions of the mirror segment.

In a subsequentstudy, Kuo11 used a similar con� gurationwith six
radial groups of � ve actuators in each group to excite the � rst three
natural modes of vibration of the panel and experimentally veri� ed
the numericalresultsobtainedusing theNASTRAN program.Using
the same con� guration, Kuo12 performed experiments on a 0.5-
m curved hexagonal mirror segment, 0.025 m thick with a radius
of curvature of 7.6 m, demonstrating that, by applying different
voltagesto the six groupsof actuators,the mirror couldbe deformed
into shapes that are similar to the � rst eight Zernike polynomials.

Though the numerical and experimental work done by Kuo and
Bruno10 and Kuo11,12 demonstratesthe use of piezoelectricactuators
to control the surface distortions of the mirror segment, the results
presenteddo notgivean indicationof the effectivenessof the con� g-
uration of radially located actuators in controlling complex surface
distortionsof the mirror segment.

In the present work, control of thermal deformations of a 0.5-
m hexagonal curved mirror segment, 0.012 m thick, with a radius
of curvature of 10 m, using discrete and distributed actuators is
presented.The mirror segment used is part of a multisegmentedpri-
mary mirror of a next-generationspace telescope.13 A � nite element
model is used to represent the mirror–actuator system. To study the
effectivenessof the discrete and distributedactuators,a comparative
study is conductedusing two differentmodels of the mirror–actuator
system. In model 1, the mirror is mountedon kinematicsupportsand
controlledby piezoelectricstrips that are bonded to the rear surface
of the mirror. Two sets of strip con� gurations are studied: one with
radially placed strips similar to that employed by Kuo and Bruno10

and the otherwith evenlydistributedstrips. In model 2, the mirror is
mounted on force actuators,which are used to support the mirror as
well as to control the surface deformations of the mirror. The opti-
mal values of the forces that are to be applied at the actuator control
points and the voltages to be applied across the piezoelectric strips
are determined by minimizing the rms surface � gure error. A study
is also conducted to compare the performanceof evenly distributed
strips with that of strips placed at near-optimal locations obtained
using heuristic integer programming.Details of the analysis and the
results are presented in the following sections.

Finite Element Model
The mirror is modeled using an assembly of thin � at triangular

shell elementswith six degreesof freedom(DOFs)pernode.The � at
shell element used is a combinationof the discreteKirchhoff theory
(DKT) plate bendingelement with three DOFs per node (transverse
displacement and two out-of-plane rotations) and a membrane ele-
ment with three DOFs per node (two in-plane displacementsand an
in-planerotation) similar to the Allman elementbut derivedfrom the
linearstraintriangularelement.The piezoelectricstrip is modeledas
a separate layer of isotropic material bonded to the lower surface of
the mirror. For details regarding the � nite element formulation, the
reader is directed to Ref. 14, in which the � at shell element has been
validatedfor linear analysisof compositeplates and shells subject to
mechanical, thermal, and electric loads. To demonstrate the correct-
ness of the � nite element formulation, an example of a square plate
under an electric load (given in Ref. 14) is presented again, along
with another example of a piezoelectric bimorph cantilever beam.
Several examples of plates and shells under mechanical and ther-
mal loads are presented in Ref. 14 and, hence, are not reproduced
here.

Graphite/Epoxy Laminate Under an Electric Field
The plate is made of eight layers ([0/90/0/90]s ) of graphite/epoxy

material and a ninth layer of piezoelectric polymer material, poly-
vinylidene � uoride (PVDF) twice as thick as the other eight layers.
The plate is simply supported on two opposite edges and clamped
on the other two edges. A constant voltage Ez (V/m) is applied
across the PVDF layer. The geometry and the material properties
used are thosegivenby Jonnalagaddaet al.15 The convergenceof the
nondimensionalizedcenterplate de� ection is given in Table 1 along
with the results of Jonnalagaddaet al.15 and are in good agreement.

Table 1 Convergence of nondimensionalized
midde� ection of a graphite/epoxy laminate excited

by a uniform electric � eld

Grid size quarter plate 100W (h/ b)/ (bd33 E z)

2 £ 2 0.14042
4 £ 4 0.13996
6 £ 6 0.13962
8 £ 8 0.13945
10 £ 10 0.13936
12 £ 12 0.13933
14 £ 14 0.13927
16 £ 16 0.13925
18 £ 18 0.13924
Jonnalagadda et al.15 0.1396

4 £ 4 mesh (quarter plate),
nine-node Lagrangian elements
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Table 2 Transverse de� ection ( £ 107 ) in meters of a piezoelectric
bimorph cantilever beam under uniform electric � eld

at different locations

Location: 2 cm 4 cm 6 cm 8 cm 10 cm

This study (1 £ 20 mesh) 0.1376 0.5516 1.2416 2.2076 3.4496
Tzou and Tseng,16 � nite 0.124 0.508 1.16 2.10 3.30

element method
Tzou and Tseng,16 theory 0.138 0.552 1.24 2.21 3.45

Fig. 1 Geometry and material properties of the L frame.

Piezoelectric Bimorph Cantilever Beam
The beam (0.1£0.005£0.001 m) is made of two layersof PVDF

material with opposite polarity. A constant voltage of 1000 V/m is
appliedacross the thickness.The material propertiesare the same as
thoseused in theprecedingexample,exceptthatPoisson’s ratio used
in this case is zero. A 1 £ 20 mesh (40 elements and 42 nodes) was
used to model the beam. The average of the transverse de� ection at
the nodes along the two edges of the beam at � ve locations along
the beam are presented in Table 2, along with the analytical solution
and � nite element results (obtained using 10 solid isoparametric
elements,5 per layer)givenbyTzouandTseng.16 The presentresults
agreewell with theanalyticalsolutiongivenbyTzou and Tseng.The
� nite elements results of Tzou and Tseng based on an isoparametric
solid element formulation are stiffer than the analytical solution or
the present results.

The force actuator is modeled using a two-node beam element.17

The beam element has bending rigidity in two orthogonal planes
normal to its longitudinal axis, extensional rigidity along its longi-
tudinalaxis, and torsionalrigidity about its longitudinalaxis, giving
a total of six DOFs per node (three translationsand three rotations).
Shear deformationsare also included in the beam formulation.One
end of the actuatoror the beam element is constrainedin all DOFs to
simulate the rigidbackupstructure,and the other end is connectedto
the mirror where the control force is applied. The reader is directed
to Ref. 17 for details regarding the � nite element formulation. The
thermal deformations of the force actuators have not been consid-
ered in this study. Also, the thermoelasticcouplingin the case of the
mirror and the force actuators and the piezothermoelasticcoupling
in the case of the piezoelectric strips have not been considered.

The mirror–actuatormodel was veri� ed using an exampleof an L
frame� xed at the two endsandsubjectto concentratedforces Px , Py ,
and Pz at point A (Fig. 1) along the X , Y , and Z axes, respectively
(Fig. 1), and a moment My at point A about the Y axis. The horizon-
tal member (member 1) of the L frame was modeled using the � at
shell elements with a Poisson ratio of zero, and the verticalmember
(member 2) was modeled using the beam element. The results were
compared with those obtained using Castigliano’s principle, those
obtained by modeling the horizontal member using the B33 two-
node Euler–Bernouli beam element and the vertical member using
the B31 two-node Timoshenko beam element of the commercial
� nite element package ABAQUS, and those obtained by modeling
horizontalmember using the three-node � at shell element STRI3 of
ABAQUS and vertical member using the B33 element. The STRI3
element of ABAQUS is a combination of the DKT plate bending
element and the constantstrain triangularelement.The combination

Table 3 De� ection, in micrometers, at point A, of the L frame

Model Px D 100 N Py D 100 N Pz D 100 N My D 100 N

Present ux D 0.291 ux D 0 ux D 0 ux D 0.0257
u y D 0 u y D 37.63 u y D 0 u y D 0
uz D 0 uz D 0 uz D 33.8 uz D ¡50.6

Theory ux D 0.284 ux D 0
u y D 0 u y D 0
uz D 0 uz D 33.8

B33CB31 ux D 0.284 ux D 0
u y D 0 u y D 0
uz D 0 uz D 33.8

STRI3CB33 ux D 0.291 ux D 0 ux D 0 ux D 0.0267
u y D 0 u y D 37.59 u y D 0 u y D 0
uz D 0 uz D 0 uz D 33.8 uz D ¡50.6

of STRI3 and B33 was used mainly to compare the in-plane defor-
mations, as those obtained using the Castigliano’s principle or the
beam elements (B33 and B31) are not expected to agree with those
obtained by modeling horizontal member using the shell elements.
The results are presented in Table 3, where ux , u y , and uz are the
displacementsalong the X, Y , and Z axes, respectively.The present
results are in good agreement with the rest of the results presented
in Table 3, demonstratingthe validityof the presentmirror–actuator
model.

Control Algorithm
The surface deformationsof the mirror segment are corrected by

applying control inputs to the force actuators and the piezoelectric
strips, which act on the rear surface of the mirror. In the present
study, control input for the force actuator is the concentrated force
that is to be applied normal to the rear surface of the mirror at the
grid points where the force actuator is attached to the mirror. In the
case of the piezoelectric strips, the control input is the voltage to
be applied across the thickness of the strip, which induces a dis-
tributed strain in the strip and, hence, in the mirror, assuming that
the strips are perfectly bonded to the mirror. Because the number
and locations of the force actuators and piezoelectricstrips are pre-
determined, the shape control problem involves the determination
of the optimum values of actuator forces or the voltages with which
maximum possible correction can be obtained.

Considera mirror approximatedby m nodalpointsusing the � nite
element model. Let w denote the deformed shape or the transverse
displacements and u the correction to the transverse displacement
applied in the opposite direction using n force actuators or piezo-
electric strips. In this study, the deformed shape w is assumed to be
known. The deformed shape or the mirror � gure error can be esti-
mated using the Shack–Hartmann wave front analyzer.9 For details
the reader is directed to Ref. 9 and the references therein. It suf� ces
to mention here that the wave front analyzer estimates the deformed
surface of the mirror by measuring the light emitted from the mir-
ror. From the measurements made, the mirror surface is expressed
in terms of Zernike polynomials using a suitable curve � t, and thus
the mirror � gure error at any location is availableas a linear combi-
nationof the Zernikepolynomials.Though the Zernike polynomials
do not correlate to the mechanical characteristicsof the mirror like
the natural mode shapes, they have been widely used in the existing
literature to represent the shape of the mirror. Masaki et al.9 have
shown that the lower Zernike modes are similar to the naturalmodes
of a sphericalmirror and, hence, the mirror deformationscan be ex-
panded in terms of the lower Zernike modes instead of the natural
modes.

The correction ui at any nodal point is given by

u i D
nX

j D 1

a i j f j (1)

where the control input f j is the force applied at the j th actuator
location or the voltage applied across the j th piezoelectricstrip and
the in� uence coef� cient a i j is de� ned as the deformation caused
at node i due to a unit force applied at the j th actuator alone or
a unit voltage applied across the j th piezoelectric strip alone. It is
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assumed that the material of the mirror, the force actuators, and
the piezoelectric strips is linear elastic and isotropic. Because the
deformations considered are of the order of a few micrometers, the
geometricand material nonlinearitiesare less signi� cantand, hence,
the superpositionused in Eq. (1) is justi� ed.

A matrix of in� uence coef� cients of size m £ n is obtained from
the � nite element model by applyinga unit load at each node where
the actuator is attached to the mirror or by applying a unit voltage
across each of the piezoelectricstrips, one at a time. The correction
u i thus obtained, when applied on the deformed structure in the
direction opposite to that of the desired shape w , tends to nullify the
deformations. To obtain the best possible correction, the deviation
from the desired shape should be made minimum at every point on
the structure. Because the structure is modeled as a set of a � nite
number of nodal points, it is required that the deviation at these
nodal points be minimum. A measure of the overall deviation or the
rms � gure error is given by

E D 1
m

mX

i D 1

( w i C u i )2 (2)

Substituting Eq. (1) in Eq. (2), the rms error can be expressed in
terms of the unknowns f j as follows:

E D 1
m

mX

i D 1

Á
w i C

nX

j D 1

a i j f j

! 2

(3)

setting ¶ E / ¶ fk D 0 gives

mX

i D 1

Á
w i C

nX

j D 1

a i j f j

!
a ik D 0, k D 1, 2, . . . , n (4)

Equation (4) is of the form [A]f f g D fbg, where

Ak j D
mX

i D 1

a i j a i k , bk D ¡
mX

i D 1

w i a ik

The solution of this set of equations, obtained using the standard
L DLT direct factorization, gives the values of control inputs for
which best possiblecorrectioncan beobtained.Because thematerial
is assumed to be linear elastic, the control inputs thus obtained are
those that cause the undeformedmirror to deform to the shape given
by w . The control inputs thus obtainedwill have to be applied in the
opposite direction, on the deformed mirror, to obtain the necessary
correction.

The control algorithmwas validatedby using the deformedshape
due to arbitrary loads applied at a few nodal points and that due
to arbitrary voltages applied across a few piezoelectric strips. The
magnitude of the optimum forces and the voltages obtained using
the controlalgorithmwere exactly the sameas thoseused to generate
the deformed shape but of opposite sign.

Results and Discussion
The aforementioned algorithm is applied to control the thermal

deformations of a spherical mirror segment with a hexagonal base.
The geometry and material properties of the mirror, piezoelectric
strip,18 and force actuator are given in Table 4. The temperature
distribution at the lower surface of the mirror is assumed to be in
the form of linear combination of the � rst few terms of the Zernike
series19 expressedin terms of Cartesiancoordinatesx and y with the
origin at the center of the mirror. The Cartesian coordinates used
to express the temperature distributions are normalized such that
they are in the range [¡1, 1]. The temperature distributions that are
consideredin this study are given in Table 5, where the constantC is
used to scale the temperaturedistributionssuch that the upper, light-
re� ecting surface is at a lower temperature than the lower surface,
with a constant temperature difference D Tz

±C, and the maximum
temperaturedifferencebetweenany two grid pointsacross the lower
surface of the mirror is D Tx y

±C.

Table 4 Properties and geometry of the mirror,
piezoelectric strip, and force actuator

Mirror Piezoelectric Force
Property/geometry (beryllium) strip actuator

Young’s modulus, GPa 293 63 2.93
Poisson ratio 0.1 0.3 0.1
Coef� cient of 11.5E-6 0.9E-6

thermal expansion, /±C
Thickness, m 0.012 0.25E-3
Radius of curvature, m 10
Side of the hexagonal base, m 0.5
d31 , d32 , m/V 254E-12
Diameter, m 0.008
Length, m 0.05

Table 5 Temperature distribution
at the lower surface of the mirror

T1 C[2(x2 C y2) ¡ 1]
T2 C[(x C y)(3x2 C 3y2 ¡ 2)]

T3 C
P i D 9

i D 1
Ki Z i

Ki from Table 2 (back surface)
of Ref. 19

T4 C[x C y C 2xy]

Fig. 2 Finite element mesh for model 1 (node numbers).

The � nite element mesh for model 1 (Fig. 2) consists of 864
� at shell elements and 469 grid points. The mirror in model 1 is
supported at the six vertices 1, 13, 223, 247, 457, and 469. The
translational DOFs are constrained at the supports. It is preferable
to support the mirror on all six vertices than on three vertices 120
deg apart. This is because the edge deformations in the former case
resemble those of a simply supported beam and are easier to cor-
rect than the cantilever-type deformations along the edges in the
latter case. The thermal deformations are controlled using piezo-
electric strips bonded to the lower surface of the mirror. Two sets
of con� guration of the strips are considered: one with 30 radially
placed strips (Fig. 3) similar to the con� guration used by Kuo and
Bruno10 and the other with 121 evenly distributed strips (Fig. 3). It
was observed that better control could be achieved by adding strips
near the periphery to a set of 79 evenly distributed strips (Fig. 3),
resulting in a set of 121 evenly distributed strips as shown in Fig. 3.
Because the piezoelectric strips are very light and � exible, a large
number of such strips can be used without drastically increasing
the overall weight or stiffness of the mirror, unlike the conventional
force actuators. The con� guration of 121 strips, shown in Fig. 3,
consists of 37 hexagonal strips and 84 semihexagonal strips. Each
hexagonal strip has a side of 0.04166 m. The optimal locations are
determined from a starting con� guration of 193 strips (Fig. 3) con-
sisting of 91 hexagonal strips and 102 semihexagonal strips. The
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30 strips 79 strips

121 strips 193 strips

Fig. 3 Piezoelectric strip con� gurations.

heuristic algorithm used to determine the (near) optimal locations
is described later in this section.

In the case of radiallyplaced and evenly distributedstrips, the in-
� uencecoef� cients are determinedby applyinga unitvoltageacross
each strip, one at a time, in the presence of all other strips. To de-
termine the optimal locations of the strips, an approach similar to
that followed by Kuo and Bruno10 is used. The in� uence coef� -
cients are � rst determined by neglecting the stiffnessof the strips in
computing the global stiffnessmatrix. If the stiffness of the strips is
included in the global stiffnessmatrix for determining the in� uence
coef� cients, each set of in� uencecoef� cientswould correspondto a
different global stiffness matrix and, hence, the linear combination
of the setsof in� uencecoef� cients thus obtainedwill not correspond
to any one stiffnessmatrix. In otherwords, the in� uencecoef� cients
are determined by applying a unit voltage across each of the strips,
one at a time, in the absence of the rest of the strips.

The optimal locationsof the stripsareobtainedusing theDlorenzo
algorithm.20 This algorithm was chosen because it does not require
any initial guess locations as in other optimization techniques such
as simulated annealing.10 More exhaustive integer programming
methods are available in the literature,20 but they are computation-
ally much more expensive than the Dlorenzo algorithm and they
also have a certain degree of uncertainty due to the requirement of
initial guess locations.

The Dlorenzo algorithmstarts with an initial con� gurationof 193
strips, as shown in Fig. 3. The steps followed in the algorithmare as
follows. 1) Remove each of the strips from the initial con� guration
of n strips (n D 193) one at a time, and determine the rms error due
to n con� gurations of n ¡ 1 strips. 2) Rank the strips in ascending
orderof the rms error. 3) Remove the strip that results in the smallest
rms error, to obtain a new con� guration of n ¡ 1 strips. 4) Repeat
steps 1–3 until the desired number (30 or 121) of strips is reached.
The con� guration thus obtained is called the optimal con� guration
in the subsequentsections, thoughit is certainlynot thebest possible
con� guration.

The thermaldeformationsof model 1 are computedby neglecting
the stiffness of the strips. The rms and absolute values of the trans-
verse deformation of model 1 without the strips and with 30 and
121 strips are given in Table 6 for D Tz D 0.2±C and D Tx y D 0.5±C.
As can be seen from Table 6, there is not much difference in the
rms and absolute maximum deformationsof the mirror without the
strips and with 30 and 121 strips. This can be attributed mainly to
the fact that the thickness and the stiffness of the strips are much
lower than those of the mirror. Hence, neglecting the stiffnessof the
strips in determining the optimal locations is not expected to give
erroneous results. Moreover, as the deformed shape of the mirror

Table 6 Uncorrected rms and maximum absolute values
of the transverse deformations of model 1, in micrometers,

due to different temperature distributions

Without strips With 30 strips With 121 strips

T (x, y) rms Absolute rms Absolute rms Absolute

T1 4.85 9.65 5.01 9.89 5.00 9.88
T2 3.00 5.27 3.14 5.49 3.11 5.47
T3 1.89 4.91 1.89 4.87 1.87 4.81
T4 3.28 5.68 3.39 5.89 3.37 5.86

Table 7 Corrected rms and maximum absolute residual values
of the transverse deformations of model 1, in micrometers,

due to different temperature distributions

30 radially placed strips 30 optimally placed strips

T (x, y) rms (%) Absolute (%) rms (%) Absolute (%)

T1 0.556 (11.5) 1.868 (19.3) 0.201 (4.1) 0.686 (7.1)
T2 0.749 (24.9) 2.698 (51.2) 0.220 (7.3) 0.884 (16.8)
T3 0.795 (42.0) 3.822 (77.8) 0.199 (10.5) 0.883 (17.9)
T4 0.924 (28.1) 3.578 (62.9) 0.217 (6.6) 0.840 (14.9)

T1 T3

T2 T4

Fig. 4 Optimal locations of 30 strips.

without the strips did not vary signi� cantly from that in the pres-
ence of the strips, the optimal locations could be used to control the
deformed shape in the presence of the strips. After determining the
optimal locations, the in� uence coef� cients are computed now by
including the stiffness of the strips as done in the case of radial and
evenly distributed strips.

The corrected rms � gure error and the maximum residual defor-
mations for model 1 using 30 radially placed strips and 30 opti-
mally placed strips for D Tz D 0.2±C and D Tx y D 0.5±C are given in
Table 7. The optimal voltages to be applied to 30 strips varied from
¡558 to 389 V in the case of radially placed strips, and in the case
of optimally placed strips the voltages varied from ¡1312 to 853
V. The negative sign indicates that the voltage is applied in the di-
rection opposite to the direction of polarization of the piezoelectric
material. The corrected rms � gure error and the maximum residual
deformations for model 1 using 121 evenly placed strips and 121
optimallyplacedstrips forD Tz D 0.2±C andD Tx y D 0.5±C are given
in Table 8. The optimal voltages to be applied to 121 strips varied
from ¡983 to 547 V in the case of evenly placed strips, and in the
case of optimally placed strips the voltages varied from ¡1159 to
1242 V. The optimal locations of 30 and 121 strips are shown in
Figs. 4 and 5, respectively.



KAPANIA, MOHAN, AND JAKUBOWSKI 161

Table 8 Corrected rms and maximum absolute residual values
of the transverse deformations of model 1, in micrometers,

due to different temperature distributions

121 evenly distributed strips 121 optimally placed strips

T (x , y) rms (%) Absolute (%) rms (%) Absolute (%)

T1 0.081 (1.7) 0.256 (2.7) 0.058 (1.2) 0.197 (2.0)
T2 0.093 (3.1) 0.255 (4.9) 0.075 (2.5) 0.248 (4.7)
T3 0.088 (4.6) 0.307 (6.3) 0.070 (3.7) 0.246 (5.0)
T4 0.098 (3.0) 0.309 (5.4) 0.079 (2.4) 0.223 (3.9)

Table 9 Uncorrected and corrected rms values
of the transverse deformations of model 1,

in micrometers, due to different
temperature distributions

T (x , y) Uncorrected rms Corrected rms (%)

T1 1.971 0.0239 (1.2)
T2 0.536 0.0147 (2.7)
T3 2.125 0.0278 (1.3)
T4 1.195 0.0285 (2.4)

T1 T3

T2 T4

Fig. 5 Optimal locations of 121 strips.

The surface distortionscould not be reduced much using 30 radi-
ally placed strips. The poor performanceof 30 radiallyplaced strips
can be attributedto the fact that the in� uenceof the strips is restricted
to a certain area, unlike the case of evenly distributed strips. Even
using 30 (near) optimally placed strips, the percentage reduction
in the rms � gure error or the maximum residual deformation seems
insuf� cient in thecaseof complexdeformationsT2 andT3 (Table 7).
The performance of 121 evenly distributed strips (Table 8) is quite
close to that of 121 (near) optimally placed strips. The amount of
correction obtained in the case of asymmetric thermal � elds T2,
T3, and T4 indicates that the performanceof 121 evenly distributed
strips is not biased toward symmetric deformations or symmetric
support conditions. The corrected rms values given in Table 8 for
121 evenlydistributedstrips range from 81 to 97 nm. The rms � gure
error of the surface distortions of the mirror segment of the next-
generation space telescope13 should be within 1

20
th of the operating

wavelength (0.5 l m) to achieve satisfactory optical performance.
By restricting D Tz to 0.025±C and D Tx y to 0.4±C, the initial rms
� gure errors ranging from about 0.5 to 2.1 l m could be reduced
to within 29 nm, using 121 evenly distributed strips (Table 9). The
optimum voltages applied to 121 evenly distributed strips in this
case range from ¡290 to 238 V (¡1.16 to 0.95 MV/m).

Table 10 Uncorrected and corrected rms and maximum absolute
values of the transverse deformations of model 2, in micrometers,

due to different temperature distributions, using 61 force actuators

Uncorrected Corrected
T (x, y) rms Absolute rms (%) Absolute (%)

T1 0.5228 1.1997 0.0444 (8.5) 0.0954 (7.9)
T2 0.9456 2.4391 0.0414 (4.4) 0.0946 (3.8)
T3 1.1800 2.8037 0.0407 (3.4) 0.0942 (3.4)
T4 0.9212 2.1236 0.0413 (4.5) 0.0915 (4.3)

Table 11 Uncorrected and corrected rms values
of the transverse deformations of model 2,

in micrometers, due to different temperature
distributions, using 61 force actuators

T (x , y) Uncorrected rms Corrected rms (%)

T1 0.5119 0.0078 (1.5)
T2 0.2062 0.0054 (2.6)
T3 0.3802 0.0050 (1.3)
T4 0.1153 0.0052 (4.5)

Fig. 6 Locations of 61 force actuators.

The � nite element mesh for model 2 consists of 864 � at shell
elements and 61 beam elements. The mirror is mounted on 61 force
actuators (Fig. 6), which are used to support the mirror as well as
to control the surface deformations of the mirror. The actuators are
placed with an equal interactuator distance of 0.125 m. One end
of the actuators or beam elements is constrained in all six DOFs,
and the other end is attached to the mirror. Young’s modulus of the
actuators is assumed to be 1

100 of that of the mirror. The uncorrected
and corrected rms and maximum absolute values of the transverse
deformationsof model 2, in micrometers, due to different tempera-
ture distributions for D Tz D 0.2±C and D Tx y D 0.5±C are given in
Table 10. The optimum actuator forces applied to actuators in this
case varied from ¡34 to 20.4 N. The uncorrectedand corrected rms
values for D Tz D 0.025±C and D Tx y D 0.4±C are given in Table 11.
The optimum actuator forces applied to actuators in this case varied
from ¡6.4 to 9 N.

Because the actuators are used for both support and control,
changing the locationof the actuatorswill result in differentsupport
con� gurations and, hence, different thermal deformations. In other
words, the problemdoes not remain the same when changing the lo-
cations of the actuators. Therefore, no attempt is made to determine
the optimal locations.

The thermal deformations in the case of model 2 are smaller than
those of model 1 due to the obvious fact that the mirror is more
constrained in model 2 than in model 1. Except T1, the corrected
rms � gure errors obtained using 61 force actuators are quite close
to that obtained using 121 piezoelectric actuators for D Tz D 0.2±C
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andD Tx y D 0.5±C. The thermaldeformationdue to the temperature
distribution T1 resembles that of defocus, which can be corrected
using a focal plane correctionsystem9 without using force actuators
or piezoelectricstrips.WhenD Tz is reduced to 0.025±C and D Txy to
0.4±C, the percentage reduction in the rms error obtained using 61
force actuatorsis quite close to that obtainedusing121 piezoelectric
strips for all four of the temperaturedistributions.The correctedrms
in the case of the force actuators (Table 11) is much lower as the
uncorrected rms is also much lower than those in the case of the
piezoelectricstrips.

Conclusion
Active controlof thermal deformationsof a thin hexagonalspher-

ical mirror segment using discrete and distributed actuators was
presented.A � nite element model was used to represent the mirror–
actuator system. To determine the effectiveness of the actuators in
controllingthe surface distortionsof the mirror, a comparativestudy
was performed using two different models of the mirror–actuator
system. In model 1, the mirror was mounted on kinematic supports
and the thermal deformations were controlled using piezoelectric
strips that were bonded to the rear surface of the mirror. In model
2, the mirror was mounted on force actuators, which were used to
support the mirror as well as to control the surface distortionsof the
mirror. A study was also performed to compare the performanceof
evenly distributed strips with that of strips placed at near optimal
locations obtained using heuristic integer programming.

Both the force actuators and the piezoelectricstrips were equally
effective in controlling the surface deformations of the mirror. The
performance of 121 evenly distributed strips was quite comparable
to that of 121 optimally placed strips. Mounting the mirror on a
large number of force actuators (model 2) appeared to be more
advantageous than supporting the mirror on six kinematic supports
(model 1) at the vertices because the mirror deformations in the
former were much lower than those in the latter, but a disadvantage
of using the force actuators is the increase in the overall weight of
the structure, which is undesirable for space applications.Because
the piezoelectricstrips are lightweight,a largenumberof such strips
can be used to control the surface distortions of the mirror without
imposing a weight penalty. Piezoelectric strips can also be used to
correctboth developableand nondevelopablesurfacesbecause they,
unlike the force actuators,can be used to impart both membrane and
bending strains on the mirror.

In the actualmirror, the piezoelectricstrips cannotbe relocatedas
they will be bonded to the rear surface of the mirror. Moreover, the
optimal locationsdeterminedfor one type of disturbancemay not be
optimal for other disturbances.Correcting the mirror deformations
using a set of strips with predetermined locations thus seems to be
more practical than trying to � nd the optimal locations. Control-
ling the mirror deformations using a large number of evenly placed
piezoelectric strips seems to be a viable solution as such a con� g-
uration can impart control to almost every part of the mirror and,
hence, can be used to control arbitrary deformations.

Because the piezoelectric strips act over a � nite area of the mir-
ror and the force actuators only act discretely, the mirror surface
correctedusing the former is expected to be smoother than that cor-
rected using the latter. The quality of the mirror surface should be
assessed to determine whether the mirror surface is smooth enough
to obtain the required operational ef� ciency. The rms � gure error
may not be a true measure of surface smoothness.Hence, alternative
measures to assess the surface smoothness of the mirror have to be
determined.

It may not be possible to generate in space the kind of voltages,
as determined in this study, that are to be applied to the piezoelectric
strips. Hence, there is a need for piezoelectricmaterials with much
higher strain constants.A parametric study can also be conductedto
determine the optimum values of the stiffness and the dimensionsof
the mirror and the piezoelectricstrips that will result in the smallest
thermal deformations and voltages to be applied across the strips.
The feasibility of using a large number of piezoelectric strips on a
mirror segment should also be examined because the use of a large

number of strips could result in a very complex electronic circuitry.
In summary, the piezoelectric strips appear to be promising candi-
dates for static shape control of � exible structures in space, opening
several avenues for further research to determine the feasibility of
using a large number of such strips for practical problems.
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